
Limits (HW #3)

lim
(x,y)!(a,b)

f(x, y) = L

means f(x, y) gets as close as we wish to L as (x, y) gets close to, but not equal to, (a, b).

For those of you who like rigor:

lim
(x,y)!(a,b)

f(x, y) = L () 8✏ > 0 9 � > 0 3 |f(x, y)� L| < ✏ whenever 0 < khx, yi � ha, bik < �.

Our goal is to calculate limits. To do that, we have to agree on what are the known continuous functions
because limits of continuous functions are easy to calculate by definition.

f(x, y) is continuous at (a, b) if and only if lim
(x,y)!(a,b)

f(x, y) = f(a, b).

We assume all familiar functions that have unbroken graphs from Calculus are continuous, and that any
sum, product, or composition of continuous functions is also continuous.

Find lim
(x,y)!(1,0)

3x cos(⇡y)� sin(⇡/2 + x2y2)

2x(y2 + 1)
.
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Path Theorem: Suppose lim
(x,y)!(a,b)

f(x, y) = L, ~s(t) = hx(t), y(t)i, and ~s(t) ! (a, b) as t ! k. Then

lim
t!k

f(x(t), y(t)) = L

.

Draw a diagram illustrating this theorem. Warning! This theorem is only used to prove a limit

does not exist. It is never used to calculate limits, because you never have time enough in your life to
check an uncountably infinite number of paths.

Does L = lim
(x,y)!(0,0)

xy + x2

x2 + y2
exist? Defend your answer. Notice substituting in (0, 0) gives an

indeterminate form. There is no analogous theorem for L’Hospital’s rule in multivariable calculus, though
if we can reduce the function to one variable we may be able to use it.
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Although there is not a L’hospital’s rule for limits of functions of more than one variable, the other
theorems covered in single variable calculus are true. Limits are linear operators, that is, they distribute
over addition and scalar multiples can be pulled out of the limit. Students use this property without
thinking, but they sometimes forget the:

Product Limit Theorem: If lim
(x,y)!(a,b)

f(x, y) = L and lim
(x,y)!(a,b)

g(x, y) = K, then

lim
(x,y)!(a,b)

f(x, y)g(x, y) = LK

Find L = lim
(x,y)!(0,0)

(y + 1) sin(x)

x(y + 2)
if it exists; otherwise, prove it does not exist. Notice substituting in

(0, 0) gives an indeterminate form.

Find the following limits if they exist or show why they don’t exist.

L = lim
(x,y)!(0,0)

x3

x2 + y2
Hint: convert to polar coordinates.
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L = lim
(x,y)!(0,0)

6x3y

2x4 + y4

L = lim
(x,y)!(1,1)

ln(y)x

yex
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